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Abstract
It is shown that the interaction of helicity-1 waves of gravity and matter in
a thin slab configuration produces new types of instabilities. Indeed, a spin-
2 helicity-1 mode interacts strongly with the shear motion of matter. This
mode is unstable above a critical wavelength, λc =
√
pic2/2Gρ. This should
be compared with Jeans wavelength, λJ =
√
pic2s/Gρ, where cs is the sound
speed. The two instabilities are of course different. For the case analyzed, a
plane parallel configuration, Jeans instability appears through a density wave
perturbation, the material collapsing into a set of plane-parallel slabs. On the
other hand, the helicity-1 wave instability induces a transverse motion in the
fluid that tends to shear in the material along the node of the perturbation.
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Acoustic waves are affected by gravitational forces. One of the consequences is
Jeans instability [1] (see also, e.g., [2, 3]) produced above a certain critical wave-
length. There is an electromagnetic counterpart in plasma density waves. In the
limit of large wavelengths their frequency square tends to a finite positive value, and
the plasma acquires the plasma frequency, whereas in the Jeans case the frequency
square turns negative. This is noted by Weinberg [4] but he does not go further.
Plasma density waves can be seen as longitudinal electromagnetic waves which are
not possible in vacuum but are present in media with the plasma frequency hav-
ing the role of a photon mass. By the same token acoustic waves can be identified
with longitudinal waves of the gravity field but now, instead, they possess an imag-
inary mass. Transverse electromagnetic waves, in addition to longitudinal waves,
are also modified in a plasma and acquire a mass equal to the plasma frequency.
The questions posed in this paper concern waves of the gravity field, or wave metric
perturbations, propagating in matter. More specifically, we are interested in the
following question: are there waves which get a finite real mass or do they get an
imaginary mass leading to instabilities other than Jeans?
Waves of the gravity field can be classified according to their spin and helicity.
Here we are interested in spin 2 waves which can have helicities 2, 1 and 0. Helicity-
2 waves represent radiative gravitational waves and are simply called gravitational
waves. Helicity-1 waves, as well as helicity-0, do not exist in vacuum but can prop-
agate in matter. The propagation of waves of the gravity field through matter has
been studied in two main contexts, namely, cosmological and astrophysical. Within
the cosmological context these waves appear as perturbations of the background
universe [5] (see also [6]) and there is now a growing interest in the primordial grav-
itational wave background since it seems possible to detect it in the future [7, 8].
Within the astrophysical context they have been studied mainly in relation to stars
(see e.g., [9]). Usually one considers these stars as either spherically or axisymmetric.
The waves in the star, i.e., perturbed quadrupolar or higher polar modes, appear as
convective velocity perturbations and density perturbations which through the stel-
lar boundary match with gravitational waves propagating in vacuum [10, 11]. Still
within the astrophysical context, there has been another line of research, which is
the one that most concerns us here, analyzing non-dissipative [6, 12, 13] and dissipa-
tive propagation of waves through matter [14, 15, 16, 17, 6]. The results obtained so
far confine themselves either to the short wavelength limit or to transverse helicity-2
gravitational wave modes (e.g., [12, 16]). In either case the interaction of wave and
matter is minute, and usually the wave propagates undisturbed.
In this paper we want to go a step further, and reach the level where the wave-
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length, λ, is of the order of or larger than the background curvature, ∼ c/√Gρ. This
is not possible to achieve for spherical or quasi-spherical geometries, since it implies
systems with a size of the order of their Schwarzschild radius. However, extended
finite thin plates either disk-like or parallelepiped-like are amenable to the large λ
regime. In order to progress we will study a specific case, namely a wave propa-
gating through a plane parallel slab. We are then able to find some modes which
propagate and truly interact with matter. The transverse helicity-2 gravitational
wave mode propagates freely without interaction as has been observed in several
papers (see e.g. [6, 13]). On the other hand, a transverse helicity-1 shear wave
mode interacts strongly with the shear motion of matter. Indeed, above a certain
critical wavelength this mode is unstable, as we will now show.
Consider a fluid with proper energy density ρ, pressure p and with a given equa-
tion of state p(ρ). Consider then it has suffered a small departure from a state where
it is at rest in a Minkowski space with homogeneous density, ρ0, and pressure, p0.
The fluid energy-momentum tensor is (c = 1)
Tµν = (ρ+ p) uµuν − p gµν , (1)
where uµ denotes the 4-velocity vector. Greek indices µ, ν, etc., take values 0 (or
t), and i, with i = 1, 2, 3 (or x, y, z, respectively). The metric gµν is denoted in
the Minkowski limit as ηµν = diag(1,−1,−1,−1). The fluid and the gravitational
field form a coupled system. The change of Tµν due to a fluctuation in the metric is
determined by the conservation laws of energy and momentum, ∇µTµν = 0 and in
turn, the gravitational field is determined by the Einstein equations
Rµν = 8πG(Tµν − 12gµνT ) . (2)
One has to distinguish between a static gravitational field, g¯µν = ηµν + h¯µν , caused
if not for anything else by the fluid at rest, from the wave modes hµν defined as
gµν = ηµν + h¯µν + hµν . (3)
The field h¯µν is related through Einstein equations,
Rµν [h¯] = 8πG(T¯µν − 12 g¯µν T¯ ) , (4)
to the energy-momentum tensor, T¯µν , of the fluid in static equilibrium under the
external field h¯µν itself. T¯µν is characterized by ρ¯ and p¯, which in turn deviate
slightly from ρ0 and p0, see below.
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We adopt the de Donder gauge (see, e.g., [18, 19, 20]),
∂µhµν − 1
2
∂νh
α
α = 0 , (5)
for both hµν and h¯µν . Here and in the following the Minkowski metric ηµν is used
to raise and lower indices of hµν , h¯µν and ∂µ. In this gauge the equations of energy-
momentum conservation are in leading order in the gravitational field
(ηµα − h¯µα − hµα) ∂µTαν = 1
2
Tµα ∂ν(h¯
µα + hµα) . (6)
The limit hµν = 0 gives the conservation equations of T¯µν . After subtracting that
static contribution one obtains the equations governing the variations τµν ≡ δTµν ≡
Tµν − T¯µν induced by the fluctuations hµν . In first order
∂µτµν − 1
2
T (0)µα ∂νh
µα = 0 , (7)
where T
(0)
µν = diag(ρ0, p0, p0, p0) replaces T¯µν , an approximation that will be made
whenever T¯µν is multiplied by the field hαβ because T¯µν −T (0)µν is already suppressed
by h¯αβ . Equations (7) give the linearized equations (where, ˙≡ ∂/∂t),
δρ˙− (ρ0 + p0) ui,i + 1
2
(ρ0 + p0) h˙00 = 0 , (8)
(ρ0 + p0) u˙i − δp,i − 1
2
(ρ0 + p0) h00,i = 0 , (9)
which yield τµν as linear functions of hαβ when considering periodic waves. This
system is completed by Einstein equations (2) and (4) resulting in the approximate
equality,
Rµν [h¯+ h]−Rµν [h¯] = 8πG
(
τµν − 12ηµν(τ − T (0)αβ hαβ)− 12T (0)hµν
)
, (10)
where the traces are defined as τ = τµν η
µν and T (0) = T
(0)
µν ηµν . In the right-hand
side we neglect terms that go as, omiting the indices, T h¯h, (T¯−T (0))h or τ h¯, because
they are suppressed by extra factors of h¯µν and henceforth only appear at G
2 order.
In the weak field limit the left-hand side of Eq. (10) is approximated by −1
2
hµν
whereas in the right hand side the explicit dependence of the matter terms in hµν
is neglected. In the study of the propagation of gravitational waves through matter
one usually considers the high frequency regime, where the wavenumber k is much
greater than the background curvature, i.e., k2 ≫ 8πGρ, enabling one to neglect
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in the equations the matter density ρ. However, matter effects become important
when k2 approaches the background curvature, i.e., k2 ∼ 8πGρ. For such small k
higher order terms of the Ricci tensor, such as△h¯00 hµν ≃ 4πGρhµν , are of the same
order as k2hµν and still linear in hµν . This calls for a higher order expansion of the
Ricci tensor in equation (10) up to terms linear in both hµν and background field
h¯µν . Such an expansion includes products of h¯µν derivatives and hµν derivatives and
products of h¯µν times second derivatives of hµν so that translational invariance is
lost and monochromatic waves cease to be in general solutions of Einstein equations.
This may be circumvented in some cases, such as in the solutions presented below.
Consider a thin wall of fluid lying over the plane x = 0 with translational symme-
try along the y−z plane. If the pressure is everywhere much smaller than the density
the Einstein equations (4) admit in first order a Newtonian solution h¯µν = 2φ(x) δµν
with φ′′ = 4πGρ¯. Consider in addition that the fluid is in a nearly incompressible
state, i.e., with a practically uniform density ρ¯ ≃ ρ0. A solution with reflection
symmetry about the plane x = 0 possess an acceleration φ′ = 4πGρ0x and pressure
p¯ = 2πGρ20(ℓ
2/4 − x2), p¯ vanishing at the boundary planes x = ±ℓ/2. The density
variation is negligible across the wall if ∆p¯ ≪ c2sρ0 for a given speed of sound cs.
That is true if the wall thickness ℓ obeys ℓ≪ λJ , where λJ =
√
πc2s/Gρ is the Jeans
wavelength. Note that the non-relativistic condition p¯ ≪ ρ¯ is a weaker condition
since it implies ℓ≪ 1/√Gρ. The magnitude of the potential φ at the wall depends
upon the longitudinal dimension of the wall, L, because at distances larger than L
it decays with the inverse distance to the wall. One obtains |φ| ∼ Gρ0ℓL at the
wall. Therefore the Newtonian condition φ≪ 1 yields ℓL≪ 1/Gρ. To summarize,
the background we are assuming consists of a fluid with uniform density and small
pressure associated with a Newtonian gravity potential. Other details, such as the
precise fall off of the pressure at the rim of the wall, are no needed here.
To obtain from Eq. (10) an accurate system of linear equations in hµν up to
order of Gρ it is sufficient to have h¯µν in leading order of Gρ in the left-hand
side of Eqs. (10). There are terms proportional to φ′′hµν , φ
′hµν,α and φ hµν,αβ. For
definiteness we consider waves propagating along the z axis, i.e., τµν and hµν varying
as exp(−iωt + ikz). It is conceivable that for large enough wavelengths the terms
proportional to φ′ and φ are much smaller than the terms with φ′′ = 4πGρ0 so
that solutions of that type may be found by neglecting the φ′ and φ terms. It is not
enough however that k2φ and kφ′ be much smaller than φ′′. The three kinds of terms
mix in the Bianchi identities and therefore one should not expect that the Einstein
equations remain always consistent with each other if some terms are neglected.
Nevertheless two modes were found that provide consistent solutions of Einstein
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equations with definite wavelength along the z axis. They are h12 and h02 − h23.
After neglecting the φ′ and φ terms (and pressure) Eqs. (10) give for the h12
mode
(ω2 − k2 − 2φ′′)h12 = 16πG(τ12 − 12ρ0h12) , (11)
while the fluid equations of motion (8) and (9) yield τµν = 0. Hence, the h12 mode
satisfies ω2 = k2 and propagates at the vacuum speed of light without disturbing
the fluid. This absence of dispersion is in agreement with various previous results
regarding the propagation of transverse gravitational waves in media (see, e.g., [14,
6]).
For the h02 and h23 mode (kh23 = −ωh02 in the gauge (5)) Eqs. (10) give, after
neglecting the φ′ and φ terms as before:
(ω2 − k2)h02 = −16πG(δT 02 − 12ρ0h02) , (12)
(ω2 − k2)h23 = 16πG(δT 23 − 12ρ0h23) , (13)
where δT 02 = ρ0u
2 is the momentum density along the y− direction and the fluid
velocity is u2 = −u2 + h02. The terms proportional to ρ0h02 and ρ0h23 are due
to the background curvature Gρ0. The fluid equations of motion (8) and (9) yield
ui = 0 = δρ = δp hence, u
2 = h02 and δT
23 = 0. The resulting dispersion relation is
ω2 = k2 − 8πGρ0 . (14)
In contrast to the h12, this h02 − h23 mode exhibits an instability at very large
wavelengths, k2 ≤ 8πGρ0, that is induced by matter. Most notably, the polarization
carries the helicity states ±1 and not ±2, in contrast to the gravitational waves that
propagate in vacuum. In vacuum, of course, this mode can be gauged away through
a coordinate transformation but that is no longer true in matter as can be seen by
the following argument: h23 can be eliminated with a transformation of the type
y → y + ǫ(t, z) but h02 transforms into h′02 = (1 − ω2/k2)h02, which is not zero,
because the phase velocity ω/k is different from unit in matter. Alternatively, one
may gauge away u2 and h02 but not h23. It is easy to prove that no coordinate
transformation can bring simultaneously all the components hµν and u
i into zero.
The motion of the fluid can be characterized in a gauge independent way by the
covariant derivative of the velocity, uµ;ν (see [21]). In leading order, the important
non-zero covariant derivatives are
u2;3 = u3;2 = −1
2
(∂3h02 − ∂0h23) . (15)
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It means that this is a shear motion, uµ;ν = σµν , with the square of the shear
magnitude defined as the gauge invariant quantity σ2 = σµνσ
µν/2. In the gauge we
use,
σ = u2;3 = −4πGρ0
k2
∂3h02 , (16)
which shows again the crucial role played by matter. These helicity-1 waves can then
be called shear waves. The components u2, h02, h23 correspond to what are called
vector perturbations in cosmological perturbation theory [22]. They are interpreted
as a relativistic generalization of purely rotational fluid flow. Here, they appear
exclusively associated to pure shear motion. The vorticity for this mode is zero,
since its relevant covariant velocity component u2 = 0 (indeed, from Euler equations:
u2 = −u2 + h02 = 0).
We can now discuss the two main aspects of this problem: the first aspect con-
cerns the physics of the instability, and the second the generation and propagation
of stable waves.
Starting with the first aspect, one notices from equation (14), that the instability
sets in through an ω = 0 mode, with a critical wave number kc =
√
8πGρ0/c2, where
the speed of light c has been restored. In terms of wavelength, above the critical
value λc = 2π/kc, i.e., for
λ ≥
(
πc2
2Gρ0
)1/2
, (17)
the system is unstable, λ = λc being the marginal case. This instability tends to
shear in the material along the node of the perturbation. Indeed, under the effect of
the wave the particles of the fluid get an acceleration Γ200 = h˙02 that produces the
velocity u2 = h02. As shown in Figure 1, one sees that part of the material moves to
one side, part to the other, whereas it stays at rest at the node where the velocity
in the y−direction, u2, is zero.
A very important point which should be made explicitly clear is that at such
critical wavelengths there are equilibrium configurations which are not at all dy-
namically unstable. Indeed, in a previous paragraph we have put the following
limits on the equilibrium configuration, ℓ ≪ cs/
√
Gρ and ℓL ≪ c2/Gρ. To have
L > λc ∼ c/
√
Gρ while the above conditions are still satisfied, ℓ has to satisfy both
limits ℓ ≪ csλc/c and ℓ ≪ λ2c/L. Thus, for sufficiently small thickness ℓ, there are
well defined equilibria.
In order to better understand such an instability it is advisable to rearrange
equation (17) above and write it as µ ≥ πmℓ/λ, where µ ≡ σλ ≡ ρ0ℓλ is the mass
7
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Figure 1: A helicity-1 shear wave of gravity travels in the z−direction through a
plane parallel slab and induces a motion on the fluid in the y−direction. The static
gravitational potential is a function of the x coordinate.
per unit length in the y−direction and m
ℓ
≡ c2ℓ/2G is the reference relativistic mass
associated with the thickness length ℓ. Thus mℓ/λ can be seen as the relativistic
reference mass per unit length in the z−direction. The instability criterion (17)
says that when the mass per unit length in the y−direction of the perturbation is
about greater than the reference mass per unit length in the z−direction then the
momentum in the y−direction is enough to overcome the pull back from the mass
along z and the material breaks apart.
This instability is of course different from Jeans instability but not quite in
what regards the gravitational field dynamics. Equation (12) can be written as
h02 = 8πG δT
02, because u2 = h02, and if one performs a Lorentz boost along the
y−direction, it is equivalent to h′00 = −8πG δT ′00 in the new frame, which is com-
parable to the equation governing the response of the gravitational field to density
fluctuations. What is different is that they are not accompanied by perturbations
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in the fluid proper density and pressure as in the Jeans, acoustic case, but rather
by transverse displacements of the fluid. For such a plane layer and density wave
perturbations of the form exp(−iωt + ikz), Jeans instability sets in when k ≤ kJ
with kJ =
√
4πGρ0/c2s, or λ ≥ λJ with λJ =
√
πcs2/Gρ0. The material collapses
into a set of plane-parallel slabs distributed perpendicularly to the z−direction and
uniformly along the z− direction [23, 24].
The instability we have found here sets in through the interaction of shear waves
and matter. A helicity-1 shear wave travelling through the plane parallel layer in
the z−direction with λ ≥ λc will induce an instability in the matter and in the
gravitational field itself. For a planar slab characterized by a surface density σ and
height ℓ one can write the critical wavelength as λc =
√
πc2ℓ/2Gσ. One sees that
λc can be relatively small for high enough surface densities or very thin systems.
Conversely, if such instabilities are not detectable within the system, one can put a
lower limit on the ratio ℓ/σ; for a slab with size L these instabilities do not show
up if λc & L, i.e., ℓ/σ & (2G/πc
2)L2. An estimate of λc for our Galaxy yields
λc ≃ 16 000Kpc showing that it is not thin enough to present such instabilities.
However, for extended and very thin systems this instability is applicable and could
set in.
Within plane parallel symmetric configurations, other unstable modes should
occur, although we have been able to solve the system consistently only for the
h02 − h23 mode because we have restricted this study to plane waves. It would be
interesting to find a consistent solution for the mode involving h00.
We have considered here plane parallel symmetry but other type of configura-
tions, such as disk-like, should also possess such instabilities. For disk-like con-
figurations some other features and new global instabilities could set in. Jeans
instabilities show surprises in the disk-like case, since for high enough values of the
sound speed a disk is stable to all axisymmetric perturbations [25, 26], a feature
that does not appear in the spherical and planar cases. Domain walls and cosmic
strings should be considered. In a preliminary calculation, we have found that do-
main walls also present this type of instability to wave perturbations of the gravity
and scalar field [27]. On the other hand, the spherical case is less interesting since
here λc ∼ R3/2/R1/2s , where Rs is the Schwarzschild radius of an object of radius
R. Thus, the instability sets in when R ∼ Rs ∼ λc, and other stronger dynamical
instabilities must already be present.
We now discuss the second aspect, i.e., the generation and propagation of stable
waves of helicity-1. In order to estimate the energy flux of these waves we use the
expression for the effective stress-energy tµν tensor given in [18] and apply to our
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case. It yields
tµν =
1
16πG
< −h02,µh02,ν + h23,µh23,ν >= − ρ0
2k2
< h02,µh02,ν > , (18)
where the symbol < > denotes an average over one wave period. Defining u2 =
|u| exp(−iωt+ ikz), with |u| being the amplitude of the velocity in the y−direction,
we find
t03 =
1
2
ρ0|u|2v , (19)
where v is the velocity of propagation of the wave. It is now difficult to estimate at
this point a realistic energy flux, given one has to deal with the propagation as well
as the generation of such a wave. One possibility is to have a source of mass M in
an oscillatory (orbital) movement of radius R, inducing tidal motions on particles
at a distance r. This induces a tidal velocity to the particles which we identify with
|u|, given then by |u|/c ∼ √RsR/r, where Rs = 2GM/c2. If we put Rs ∼ 10−6R,
R ∼ 10−2r and ρ0 = 1 g/cm3 we obtain |u|/c ∼ 10−5 and, for v ∼ c, an energy
flux t03 ∼ 1020 erg/(s cm2). Perhaps, the most important point is to notice that
this tidal perturbation propagates away through the matter at typically the speed
of light according to the dispersion relation (14) and properties we have derived for
this helicity-1 wave. One can then think that randomly distributed waves of the type
considered, should induce thermal motions in the matter, which would be detected
as velocity dispersions in the stars or particles of the system. These velocities, in
turn, would give the impression of the existence of an extra Newtonian gravitational
potential which, for instance, could be interpreted as coming from dark matter, or
from modifications of the gravitational potential itself.
The propagation of these helicity-1 shear waves and the instabilities themselves
we have been studying here can be considered wave detectors in potential and deserve
close attention.
Acknowledgments
This work was partially funded by FCT through project ESO/PRO/1250/98.
10
References
[1] J. H. Jeans, Phil. Trans. 129 (1902) 44.
[2] Ya. B. Zeldovich, I. D. Novikov, “Relativistic Astrophysics, Vol. II” (The Uni-
versity of Chicago Press, Chicago, 1983).
[3] P. J. Peebles, “Principles of Physical Cosmology” (Princeton University Press,
Princeton, NJ, 1993).
[4] S. Weinberg, “Gravitation and Cosmology” (John Wiley & Sons, New York,
1972).
[5] E. M. Lifshitz, J. Phys. (Moscow) 10 (1946) 116.
[6] L. P. Grishchuk, A. G. Polnarev, in “General Relativity and Gravitation, One
Hundred Years After the Birth of Albert Einstein, Vol. II”, ed. A. Held, (Plenum
Press, New York, 1980), p. 393.
[7] E. W. Kolb, M. Turner, “The Early Universe” (Addison Wesley, 1990).
[8] B. Allen, in Proceedings of the Les Houches School on “Astrophysical Sources
of Gravitational Waves”, eds JA. Marck, JP. Lasota, (Cambridge University
Press, 1996).
[9] K. D. Kokkotas, B. G. Schmidt, “Quasi-Normal Modes of Stars and Black
Holes”, gr-qc/9909058.
[10] S. L. Detweiler, in “Sources of Gravitational Radiation”, ed. L. L. Smarr, (Cam-
bridge University Press, 1979), p. 211.
[11] V. Moncrief, C. T. Cunningham, R. H. Price, in “Sources of Gravitational
Radiation”, ed. L. L. Smarr, (Cambridge University Press, 1979), p. 231.
[12] J. Ehlers, A. R. Prasanna, R. A. Breuer, Class. Quantum Gravit. 4 (1987) 253.
[13] J. Ehlers, A. R. Prasanna, Class. Quantum Gravit. 13 (1996) 2231.
[14] A. G. Polnarev, Sov. Phys. JETP 35 (1972) 834.
[15] D. Chesters, Phys. Rev. D 7 (1973) 2863.
[16] E. Asseo, D. Gerbal, J. Heyvaerts, M. Signore, Phys. Rev D 13 (1976) 2724.
11
[17] D.V. Gal’tsov, Yu.V. Grats, E.Yu. Melkumova, Sov. Phys. Journ. 26 (1984)
1110.
[18] C. W. Misner, K. S. Thorne, J. A. Wheeler, “Gravitation” (Freeman, San
Francisco 1973).
[19] K. S. Thorne, Rev. Mod. Phys. 52 (1980) 285.
[20] B. F. Schutz, “A First Course in General Relativity” (Cambridge University
Press, Cambridge 1985).
[21] G. F. R. Ellis, M. Bruni, Phys. Rev D 40 (1989) 1804.
[22] A. R. Liddle, D. H. Lyth, “Cosmological inflation and large-scale structure”
(Cambridge University Press, 2000).
[23] R. Kippenhann, A. Weigert, “Stellar Structure and Evolution” (Springer-
Verlag, Berlin, 1990).
[24] L. Spitzer, “Diffuse Matter in Space” (John Wiley & Sons, New York, 1968).
[25] A. Toomre, Ap. J 139 (1964) 1217.
[26] P. Goldreich, D. Lynden-Bell, Mon. Not. R. Astr, Soc. 130 (1965) 125.
[27] L. Bento, J. P. S. Lemos, in preparation.
12
